For the purpose of analyzing non-perturbative dynamics of string theory, Nishimura and Sugino have applied an improved mean field approximation (IMFA) to IIB matrix model. We have extracted the essence of the IMFA and obtained a general scheme, the improved Taylor expansion, that can be applied to a wide class of series which is not necessarily convergent. This approximation scheme with the help of the 2PI free energy enables us to perform higher order calculations. We have shown that the value of the free energy is stable at higher orders, which supports the validity of the approximation. Moreover, the ratio between the extent of "our" space-time and that of the internal space is found to increase rapidly as we take the higher orders into account. Our results suggest that the four dimensional space-time emerges spontaneously in IIB matrix model.
Introduction and summary
After the enormous success in revealing perturbative dynamics of string theory with/without D-branes [1, 2, 3, 4] , our focus will go on to the full non-perturbative dynamics, or to the theory which has predictive power for the real world.
In such a stage, both a model which is to be the true theory and a method to extract nonperturbative information from it are important. Some models have already been conjectured as the constructive definition of string theory and/or quantum gravity [5, 6, 7, 8, 9] . Among others we are interested in IIB matrix model [6, 10] which would be the most promising to attack the non-perturbative dynamics of string theory.
As to the method, J. Nishimura and F. Sugino [11] have applied an improved mean field approximation (IMFA) [12] to IIB matrix model with an excellent idea for breaking the Lorentz symmetry, and suggested that the four dimensional space-time is more stable than those of the other dimensions. In sec. 2, we review the IMFA with an application to a toy model.
Although the IMFA is somewhat mysterious, we find that the essential feature of the IMFA can be captured in terms of the improved Taylor expansion (ITE) which is elucidated in sec.3.
In [11] the authors have calculated to the third order and got a result which is both remarkable and uneasy:
remarkable fact Even at the third order, non-perturbative aspects of IIB matrix model can be captured definitely.
uneasy fact Not knowing the stability of the result, we can not strongly believe it.
To confirm the validity of the IMFA for IIB matrix model, we should investigate the stability of the result, especially the free energy, as we increase the order of approximation. The aim of this paper is to deepen the remarkable aspect and to remove the uneasy problem at a time.
So we proceed to the next order calculation. Since Feynman graphs to be calculated increase in number and become complicated, we need to introduce a new method. It turns out nice to use the two-particle irreducible (2PI) free energy which is explained in sec. 4 . With the help of the 2PI free energy we have completed the fifth order calculation and see how the above aim is achieved. We find that the contribution of the fifth order to the free energy is smaller than that of the third order, which supports the validity of this approximation.
The ratio between the extent of the four dimensional space-time and that of the extra internal space is found to increase from three (the third order) to six (the fifth order) as is shown in sec. 5 . This indicates that the ratio is infinite in the full theory and the flat four dimensional space-time is generated.
2 Improved mean field approximation
general prescription
Suppose we have some action function S(x) and its partition function Z = dx e −S(x) . (2.1)
In general, this integral can not be performed analytically, and we need an approximation scheme to evaluate the partition function. In the mean field approximation, we add the mean field action S 0 (x; a) which can be integrated analytically, and subtract it as an interaction term. The mean field action contains a set of parameters a which should be determined later according to the order of the approximation. The original action S(x) is also treated as an interaction term. Here we introduce a coupling g formally, which will be set to 1 at the end of the calculation. To get the k-th order approximation, we convert the expression to a formal power series with respect to g and truncate it up to order k. The prescription is as follows: The truncated partition function Z k (a) is a function of the parameters a, though the original partition function is independent of them. Thus we can determine the values of the parameters so that the truncated partition function is stationary with respect to a. We call this procedure the improved mean field approximation (IMFA).
To approximate the correlation function, we use the same truncation: .
(2.5)
Note that at the first order IMFA is the same as the variational principle. Note also that the power series (2.3) is in general only an asymptotic series if we fix the parameter a. Nevertheless by determining a order by order, we can approximate the original partition function with high accuracy as we will see in the next subsection.
application to a toy model
As an example, let us apply the IMFA to the zero dimensional φ 4 model whose partition function can be integrated exactly. The action is
The exact values of the partition function and the two point function in the massless case We adopt the following action as S 0 ,
where m 2 0 is a variational parameter which corresponds to a in the previous subsection. Even in the massless case, this action enables us to calculate the free energy F k = − log Z k by using the ordinary Feynman diagrams. respectively. The four-point vertex denotes gλ. 
Improved Taylor expansion
The IMFA is a rather curious approximation scheme. It is interesting to understand the ground on which it works. In this section, we see that the improved Taylor expansion (ITE) explains some of the essential aspects of the IMFA. Suppose we have a sequence of functions {f i (x)} i=0,1,... which does not necessarily converge.
We define an improved sequence {f
We call this prescription the improved Taylor expansion (ITE). We emphasize that each
is constructed from finite number of f j 's, that is, f 0 , f 1 , . . . , f i . This differs from the ordinary Taylor expansion in that we use f j with smaller j's for higher derivative terms.
As we see below, different values of x 0 make {f
This property enables us to obtain a series which converges around various values of x by choosing proper x 0 correspondingly.
For example, we consider a power series given by
and define {f i } i=0,1,... by
3)
The behavior of this sequence {f i } i=0,1,... is shown in Fig.3 , which manifests that the convergence radius of the series is 1. The improved sequence {f for instance, behaves as in Fig.4 . This sequence converges well around x ∼ 3/2. Thus the improved sequence has a totally different convergence region from that of the original sequence.
As we can see from this example, the reason why we use f j with smaller j's in the definition of the ITE eq. (3.1) is that f j with the higher j's make behavior of the sum worse for a divergent series.
To see the relation with the IMFA more clearly, let us fix x to 3/2, outside the convergent radius (x corresponds to m 2 in eq. (2.6)). Instead we regard f sion parameter g, and define a function from the sequence of functions {f i (x)} i=0,1,... ,
where h i (x) = f i (x) − f i−1 (x) (i = 1, 2, . . .) and h 0 (x) = f 0 (x). For example, in the case of power series eq. (3.2) we have h i (x) = (−) i x i . Next we substitute x 0 + g(x − x 0 ) for x in this f (x) and truncate it with respect to g:
Here | i denotes neglecting O(g i+1 ) terms and setting g=1. One can easily verify that this expression reproduces the functions in the improved sequence eq. (3.1).
In relation to the IMFA, the derivatives correspond to insertions of mass counter terms.
As a result, the IMFA is included in a more general scheme, the ITE. The abstract feature of the ITE may be useful to find the essence of the IMFA. Once we understand the essence, we could refine the IMFA in various ways and use a refined method to grasp the non-perturbative
properties of IIB matrix model further.
For reference, some curious behavior of the ITE and an application to an asymptotic series are examined in appendices A and B.
2PI free energy and Legendre transformation
In the application of the IMFA to various models, we can drastically simplify the computation by using the 2PI free energy. In this paper, we apply the Legendre transformation to the 2PI free energy to obtain the ordinary free energy, and search its extrema.
Although within this procedure the 2PI free energy seems just a technical tool, we can give it a more fundamental meaning related to the Schwinger-Dyson equations (SDE). In fact, we can apply the ITE scheme directly to the 2PI free energy, which we explain in appendix C.
Schwinger-Dyson equations and 2PI free energy
The SDE are the consistency conditions among the Green functions and in some cases we can extract non-perturbative information from them. Again we consider the massless φ 4 model. 
The derivation of this equation is given in appendix F. Note that each graph has no self-energy part when we regard each full propagator as a single line.
This equation is, in fact, the stationary condition of the two particle irreducible (2PI) free energy which we call G hereafter. 
2PI graphs are the ones that remain connected after cutting any two distinct propagators. In other words, 2PI graphs do not contain any self-energy part as a subgraph. This property comes from the fact that the SDE do not contain any self-energy part. The correspondence between the SDE for the full propagators and the 2PI free energy holds generally in field theory.
The advantage of considering the 2PI free energy is that we can greatly reduce the number of graphs. Next, we will explain the relation between the 2PI free energy and the ordinary free energy.
Legendre transformation
Let us start with the free energy,
Here we introduce a source J for φ 2 . We apply the Legendre transformation to F (J) with respect to J.
where K is the conjugate variable of J. To investigate the original theory, we set J = 0. Then K(J = 0) is equal to the full two-point function c,
and G(K = c) is nothing but the sum of the 2PI vacuum graphs [13] .
For example, we use this procedure for the φ 4 model, eq. (2.6). The free energy F is given by the sum of the connected vacuum graphs,
where each term corresponds to the one in eq. (2.11) other than the graphs with mass counter terms. The full propagator becomes as follows:
This equation can be solved with respect to 1/m 2 iteratively, and we get the 2PI free energy G. In the practical calculations, it is easier to compute the 2PI free energy G(c) first and then obtain F (m 2 ) by applying the inverse Legendre transformation to G(c).
Once we obtain the free energy F (m 2 ), we replace λ with gλ and apply the ITE with respect to m 2 . For example if we consider the massless case corresponding to IIB matrix model, the improved free energies are 1 Here an additive constant is not important.
5 The ansatz and the results
IIB matrix model
Our aim is to analyze IIB matrix model [6] . The action is It is difficult to integrate this action exactly. So we apply the IMFA by adding and subtracting a quadratic term. We specify the full propagators for bosons and fermions instead of the quadratic term S 0 . Now we focus on the dimensionality of space-time or the ratio between "our" space and the "internal" one, and consider such ansatz that the U(N) symmetry remains unbroken. So gauge indices are set to preserve the U(N) symmetry.
where C is the charge conjugation matrix such that
Since the U(N) index part is symmetric in each propagator, the Lorentz index part is forced to be symmetric for bosons and anti-symmetric for fermions. We have converted the spinor indices α, β to the rank three anti-symmetric tensor u [µνρ] through the gamma matrices, which is equivalent to the antisymmetric product of two left-handed spinor representations.
Here we give an overview. First, we calculate the 2PI free energy G by evaluating planar vacuum diagrams with the above exact propagators. We consider the large-N limit with the 't Hooft coupling g = g 2 0 N fixed to 1. We use this g as the formal expansion parameter in the ITE later. Secondly, in order to investigate in what shape the eigenvalues distribute and to compare the free energies of various vacua we try various ansatz with symmetries which are subgroups of SO (10) . With these symmetries we can restrict the form of the propagators and reduce the number of variational parameters. Thirdly, for each ansatz we make the inverse Legendre transformation to the 2PI free energy G to get the ordinary free energy F . We further apply the ITE with respect to the conjugate parameters of C and u as in eq. (4.12) and obtain the improved free energy F improved . Finally, in each ansatz we extremize F improved and compute the extent of the space-time from Tr (A µ A ν ) .
2PI free energy
We calculate the 2PI free energy G to the fifth order. The Feynman rules and all graphs with their symmetry factors are shown in appendices D and E. At a glance we notice that the number of graphs are much reduced by the condition of 2PI. For example, at the third order there are only four 2PI graphs as in appendix E.3, although thirty four connected graphs contribute to the ordinary free energy.
The general form of the 2PI free energy is given by
where / u , it is technically difficult to evaluate these traces and obtain a concise expression of G. Instead we evaluate the traces for each ansatz.
We present in appendix G the explicit forms of G to the fifth order for the SO(7) and the SO(4) ansatz which are explained in the next subsection.
symmetries and ansatz
The guideline of making the ansatz is as follows:
• First of all, we fix a subgroup of SO(10) from SO (7) to SO(1), which will be interpreted as the rotational symmetry of "our" space-time. The component of the fermion twopoint function u is non-zero only when no indices are along "our" space-time by this symmetry. In fact, we shall see that the extent of "our" space is larger than that of the remaining "internal" space.
• Because u is a rank three anti-symmetric tensor, we decompose the internal space into the sum of three dimensional spaces and the rest, e.g. 4=3+1 or 8=3+3+2. We then assume the rotational symmetry for each space, e.g.
SO(3)×SO(1) or SO(3)×SO(3)×SO(2).
This symmetry forces the component of u to be zero unless all three indices lie in one of the three dimensional spaces.
• Finally, we impose the permutation symmetry on the internal three dimensional spaces.
In this procedure, it is very important to include all parameters permitted by the imposed symmetry. Even if the free energy has an extremum in a randomly restricted parameter space, it need not be a real one in the full parameter space. On the other hand if we restrict the parameters by a symmetry, the free energy is promised to be stationary in the directions of the parameters which break the symmetry.
SO(7) ansatz
The fermion propagator is represented by the rank three anti-symmetric tensor u. Therefore if we give a non-zero value to only one element of u, SO(10) symmetry breaks down to SO(7)×SO(3). Under this symmetry group, propagators are represented by three parameters,
Next, we consider the case where SO(6) symmetry survives. u [µνρ] has non-zero values only in the extra four dimensional space. A tensor u µνρ of SO (4) is dual to a vectorũ µ . Therefore up to SO(4) rotation, all configurations are identical. As a result SO(3) ⊂ SO(4) transverse to ũ µ remains unbroken. Therefore this ansatz has SO(6)×SO(3) symmetry.
With five extra dimensions, the situation becomes a little complicated. u [µνρ] of SO (5) is now dual to a rank two anti-symmetric tensor (adjoint representation)ũ [µν] . In general,ũ [µν] can be taken to the standard form by SO (5), there exists two free parameters. For simplicity (though it may not be natural), we set one of them to zero. As to the fermion propagator, after all, we take the same form in these three cases. This ansatz has SO(5)×SO (2)×SO (3) symmetry.
Assuming SO(4) symmetry, the extra dimension is 6 = 3+3. We can naturally impose simple symmetry SO(3)×SO(3)×Z 2 where Z 2 symmetry exchanges two SO(3) factors with the reversion of the 1st direction (for no parity change in total). Consequently we arrive at the three parameter ansatz. This ansatz has SO(4)×SO(3)×SO(3)×Z 2 symmetry.
We decompose the extra 7 dimensions to 3+3+1 , and impose SO(3)×SO(3)×Z 2 symmetry.
The fermion propagator is the same as the above case. This ansatz has SO(3)×SO(3)×SO(3)×Z 2 symmetry.
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In the first SO (3) factor (which will be interpreted as "our" space-time), the reversion of 1st direction included in Z 2 forbids the non-zero value of u 1,2,3 .
SO(2) ansatz
We decompose the extra 8 dimensions to 2+3+3 , and impose SO (2)×SO (2)×SO (3)×SO (3)×Z 2 symmetry. We then have the following form:
Finally we consider the one dimensional space-time. We divide nine extra directions into three parts each of which has three dimensions. Three SO(3) symmetries and permutation S 3 of these factors are imposed. S 3 is combined with the reversion of the 1st direction in order to be a subgroup of the original SO (10) . This ansatz has SO(3)×SO(3)×SO(3)×S 3 symmetry.
free energy
The ansatz listed above have three or four parameters. Namely the boson propagator has two or three parameters V i and the fermion propagator has one parameter u. After substituting each ansatz into the general expression of G as eq. (5.5), we obtain the 2PI free energy G(V i , u).
The explicit forms of G(V i , u) are given in appendix G for the SO(7) and the SO(4) ansatz. As we discuss later, these cases turn out to be of particular importance. Then we make the inverse Legendre transformation to G(V i , u) in the following way. We define conjugate variables to V i and u as
The ordinary free energy F is
Then we apply the ITE to F (M i , m):
Here | k denotes expanding with respect to g, neglecting O(g k+1 ) terms and setting g = 1 as in eq. (3.5). Since the action of IIB matrix model does not have a mass term, the improved free energy is given by
The explicit forms of
for the SO(7) and the SO(4) ansatz are given in appendix H . We differentiate this free energy with respect to each parameter and set the results to zero. By solving these equations we get the extrema of the improved free energy.
If there are more than one solutions, we select the one which gives the smallest free energy among them. Such a solution is expected to be on the plateau. Fig.6 shows the free energies for the SO(7) and the SO(4) ansatz. As we explain below, the other cases are reduced to these two cases. Their numerical values are shown in Table 1 . The corresponding values of M i 0 and m 0 are shown in appendix I. We find that the contribution of the fifth order is smaller than that of the third order. This fact suggests that the IMFA works well, and we can trust these results as in the case of the φ 4 toy model.
Some comments are in order.
• At the 2nd and the 4th order there is no reasonable extremum. As in the case of the φ 4 model, extrema do not necessarily appear in the even and lower order levels. Therefore we consider only the odd orders. Table 1 : Numerical values.
• For the SO(6) ansatz, the extremum solution reduces to that of the SO (7) ansatz, i.e. V 1 and V 2 in eq. (5.8) take the same value and the SO(6) symmetry is enhanced to SO(7).
In the same way the SO(5) ansatz reduces to the SO (7) ansatz. This is natural because the fermion propagators have the same form in these cases. On the other hand the SO (3) and the SO(2) ansatz reduce to the SO(4) ansatz. We thus conclude that the fermions play a crucial role in the process of the spontaneous breakdown of SO(10).
• The SO(1) ansatz has no solution even at the 1st and the 3rd order. This may indicate that one dimensional space is not realized as "our" space.
extent of space-time
Next, let us consider the extent of "our" space-time R and that of the "internal" space r.
Here, for both the SO(7) and the SO(4) ansatz, R and r are defined by
These quantities can be also improved by the ITE, and obtained as in eq. (5.24):
We evaluate these quantities using the values of M i 0 and m 0 given in appendix I. R and r are shown in Fig.7 , and their ratio ρ = R/r is plotted in Fig.8 .
In contrast to the stability of the free energy, both R and r for the SO(4) ansatz changes considerably. It is striking that their ratio grows rapidly as we increase the order of the approximation.
The fact that the SO(4) ansatz gives the lowest free energy and the large value of the extent ratio indicates that the path integral of IIB matrix model is dominated by the nearly four dimensional distribution of the eigenvalues.
Conclusions and discussions
Our main results are the following: Figure 8 : Ratio between the extent of "our" space-time and that of the "internal" space.
• Four dimensional configurations dominate in the path integral of IIB matrix model.
• The fermionic field plays an important role in the breakdown of the Lorentz symmetry.
Its two point function seems to determine the remaining symmetry.
• For the SO (7) ansatz, the free energy and the extent ratio become stable at the 5th order. On the other hand, for the SO(4) ansatz, the free energy still decreases at the 5th order, but it seems to approach to a definite value. On the other hand the ratio grows more rapidly as expected. Stability of the result requires still higher order analysis.
The IMFA is, in a rigorous sense, not an "approximation" scheme. We do not know the true reason why a free energy converges to its exact value. But if we apply the IMFA to some models, the results are magically nice. To find a trick behind the IMFA should be very important.
In any ansatz except the SO(1), the "internal" space shrinks in such directions that the fermion full propagator has non-zero value. We need to understand this phenomenon, shrinking by fermion, at least qualitatively. From this point of view, it would be interesting to clarify the relation between our result and the mechanism of the symmetry breaking by the phase of the fermion determinant suggested in [15] .
In relation to the above connection between the "compactification" of the space and the fermion full propagator, we make a brief comment on a possibility that the full SO(10) symmetry will be restored. One might wonder that eigenvalue distribution having the full SO (10) symmetry is likely to be realized. However, as far as our approximation scheme is concerned, such distribution corresponds to setting all of the components of u to be zero, in which both the ordinary free energy and the 2PI free energy apparently diverge logarithmically. Therefore, it cannot be a minimum energy configuration or a solution to the SDE. This is consistent with the results in [15] .
Growth of the extent ratio for the SO(4) ansatz is quite interesting. To what value will it reach as going to the higher order, infinite or finite? If it is approaching infinity, we can regard it as an indication that the space-time is spontaneously compactified to the four dimensional flat space.
At any rate, the IMFA partly grasps the non-perturbative dynamics of string theory. We have extracted information on the dimension of the space-time as the first step. Probably the next step is to predict the gauge symmetry. Although some refinement to the IMFA is required, we will become able to achieve it in the near future.
There may be some directions to refine the IMFA.
• Not only two point functions but three or more point functions can be included to the SDE. Also it may be interesting to include one-point functions.
• In the present paper, we have used the 2PI free energy and the full propagators just as a calculational technique to reduce the number of graphs. But the notion of the full propagators, which has a direct connection with the SDE, may be more powerful in examining various aspects of the non-perturbative dynamics. In light of this, it would be important to investigate a direct application of the ITE to the 2PI free energy as done in appendix C.
Although there remain many unknown or ambiguous problems such as the existence of gravity, chiral fermions, the connection with the low energy effective field theory and so on, we hope we can proceed step by step with this new method.
A Some curious behavior of ITE
In sec.3, we apply the ITE to the series (−) n x n . The value at x = 3/2 is well approximated.
The method in sec.3, however, is not effective when we are to evaluate the series farther from x = 1. Therefore we use the ITE in a different way. The function we consider is
As x becomes large, the behavior of the power series in x would be worse. In such a case, a more proper variable is the inverse of x, and we apply the ITE to it, i.e.
The original series of f (x) without the ITE behave as shown in Fig.3 .
After applying the ITE, the behavior changes drastically. nal series diverges. For example, if we evaluate the value at x = 3, the error 4 is almost 10 −(order of approximation) . 4 Error is defined here as (approximated value) − (exact value) (exact value) .
B Improved Taylor expansion for asymptotic series
Although our actual interest is in analyzing IIB matrix model and its planar sum has a finite convergence radius, ITE can also be applied to asymptotic series. We have already seen in sec.2 that the IMFA for the φ 4 model works well. The expansion in g of this model is only asymptotic and not convergent. As another example, we apply the ITE to Γ function here.
which is also an asymptotic series. As in the above example, we apply the ITE for the inverse variable. Figs 
C Direct application of ITE to 2PI free energy
The ITE can be applied not only to the ordinary free energy but also to the 2PI free energy which has a direct connection to the SDE.
Let us consider the massless matrix φ 4 model [14] .
In the planar limit the perturbative expansion has a finite convergence radius. Therefore we expect that this model is more tractable than the usual φ 4 model.
The 2PI free energy divided by N 2 is expanded as follows :
where x is the full propagator. We can improve this function by replacing x with x 0 +g(x−x 0 ).
If we fix x and regard G as a function of x 0 , we see a clear plateau as shown in Fig.13 .
When we plot the improved 2PI free energy G by two variables x and x 0 as in Fig.14 , the contour at G = 0.4 runs in parallel with x 0 axis at x ∼ 0.77. Consequently, we have the plateau for x 0 and achieve a nice approximation around there. Here, in contrast to the case of the ordinary free energy, it is the full propagator x which gives the minimum of G that we are interested in, because it is nothing but a solution to the SDE. Fixing x 0 = 0.585 and plotting G as a function of x, we succeed to evaluate x = 0.77 at the minimum of G, Fig.15 . This result almost reproduces the exact value 4 √ 3/9 ∼ 0.7698. In this way we are able to apply the ITE directly to the 2PI free energy. There is no need for Legendre transformation, and we have more direct connection with the SDE.
D Feynman rules
We write down the Feynman rule for IIB matrix model.
• Propagators: 
• Vertices:
• Extra factors:
-−1 for each fermion loop.
-N for each color loop.
E Planar Feynman graphs
Here we show all the Feynman graphs from the zeroth order to the fifth order. The number below each graph is the symmetry factor. The value of each graph is given by
The first factor of minus one originates from the minus sign of the definition of the free energy,
E.0 zeroth order E.4 fourth order 
F Derivation of SDE for full propagator
To begin with, we write the full propagator by the 1PI propagator. + · · · , (F. 4) we are able to take the massless limit (set the inverse bare propagator to zero). As a result we get the eq. (4.1).
G 2PI free energy
Here we present the 2PI free energies for the SO (7) and the SO(4) ansatz.
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H Improved free energy 
I Numerical values of extrema
The positions of the extrema having the lowest free energy are shown in Table 2 . Here P Table 2 : The positions of the extrema for each order.
